A nonautonomous system revised from Chua's circuit with a cubic nonlinearity which could exhibit slow-fast effect is investigated in this paper. Inspired by slow-fast dynamical analysis, the external excitation is considered as a modulation parameter, which changes slowly and periodically. By introducing "transformed phase space, " bifurcation analysis of typical periodic mixed-mode oscillations induced by periodic excitation has been described to reveal the associated dynamical mechanisms.
Introduction
Oscillatory electrical activity called bursting is a common feature of single neuron or neural networks [1] . Bursting behavior, which is also known as mixed-mode oscillation, exhibits a transition between a rest state and a spiking state, owing to a slow variation process modulating fast firing activities. Due to its importance to the information processing in the nervous system, dynamical behavior and classification of types of mixed-mode oscillations (MMOs) have received a considerable attention [2] [3] [4] [5] .
In the case of experimental research, besides neural firing experiments, electronic circuits are utilized to mimic neurological dynamics. Imitation based on circuits is considered to become a strong choice for implementation and analysis of MMOs due to its high performance [6] [7] [8] . It enables prototyping of neural algorithms to test theories of neural computation, structure, network architecture, learning, and plasticity. The simulation of biologically inspired systems in a realtime operation could also be carried out via this approach. This is of particular interest for sensory processing systems and biologically inspired robotics [9] . Meanwhile, it is still relatively difficult to design electronic nonlinear devices capable of reproducing complex oscillations because of the lack of general constructive rules and because of the stability problems related to the dynamical robustness of the circuits [1] . Therefore, the simulation study of oscillator circuits is important to precisely predict the performance.
As for the theoretical study, a series of research revealed the inherent dynamical nature of different MMOs by some crucial bifurcations [10] [11] [12] . On the basis of these works, Izhikevich pointed out that the bifurcations are what determines the neuron-computational properties [13] . He considered more comprehensive bifurcations associated with bursting and provided a more complete theoretical classification, that is, "top-down" fast-slow dynamical bifurcation analysis [13] . Neuronal mathematical models with MMOs can be described by a singularly perturbed system of the form:
where ≪ 1 represents the radio of fast and slow time scales. The vector ∈ describes the relatively fast processes associated with the generation of spiking and ∈ describes relatively slow processes that modulate . There exist two important bifurcations associated with MMOs in fast subsystems (1) , that is, the bifurcation of a rest state leading to repetitive spiking and the bifurcation of a repetitive spiking state leading to the rest state. These two important bifurcations represent the interaction between the generation of fast spiking and the dynamics of slow variation, and they can be regarded as an essential basis for the classification of bursting thereby. In addition, there may exist other bifurcations of the rest state or the spiking state, which can commonly lead to a hysteresis loop and then give rise to different mixed-mode oscillations, that is, the bifurcations from the down-state to the up-state or the opposite case in the fast subsystem with the slow variable taken as the bifurcation parameter. With this method, the bifurcation mechanism of the bursters has been well summarized by many researchers [14] .
However, up to now, most of the work which involves slow-fast effect is confined to the autonomous systems. The MMOs of nonautonomous systems are still the open problems. In this paper, modified Chua's circuit with periodic external excitation is explored. Inspired by Izhikevich's method [13] , an analysis of MMOs induced by external excitation is presented. Two different typical bursting phenomena, which depend on whether the spiking state is contained or not, appear in this circuit and the associated bifurcation mechanism is revealed.
The System and the Mixed-Mode Oscillations
We explore a modified Chua's circuit with periodic external excitation, shown in Figure 1 . In this circuit, the piecewise voltage-current characteristic of the nonlinear resistor is replaced with a cubic nonlinearity. This line of transformation was initiated by Zhong. The advantages of the modification are that it is smooth and thus more suitable for mathematical calculations [15] . The dynamics of the circuit has been described by the following system:
where V 1 and V 2 denote the voltages across the capacitors 1 and 2 , denotes the currents through the inductances , and represents the alternating current of the power supply, which could be described as = cosΩ . (V 1 ) is a cubic nonlinear function.
By employing the transformation
dimensionless form of system (2) can be written as the following system, where ( ) = + 3 :
In order to reveal the slow-fast dynamical behaviors of this system, the parameters are fixed at = 15.5, = −1.25, = 0.25, = 1.5, and = 0.1, while is set as a variable. Two typical types of periodic MMOs can be observed in Figure 2 with the variation of the value of ; that is, = 1.0 and = 8.0. Meanwhile, there is a common point between these two situations that the combination of large-amplitude oscillation associated with the excitation frequency and the smallamplitude oscillation corresponding to the natural frequency forms the MMOs in the circuit. During each period, which is the same as the period of the external excitation, smallamplitude oscillation locally around two symmetric sets can be observed, while large-amplitude oscillation occurs when the trajectory moves between the small-amplitude oscillations near the two sets, respectively.
It is because there exists an order gap between the excitation frequency and the natural frequency of the system that the dynamics exhibits fast-slow effect (shown in Figure 2 ). In the following, we will investigate the bifurcation details in the evolution of the dynamics under different conditions.
Dynamical Analysis
To investigate the mechanism of the MMOs observed in this nonautonomous system, we treat the external excitation as a control function of system (3), which changes periodically and slowly according to the time scale . It is denoted by = cos( ) for simplicity. Since the value of excitation frequency is much less than that of natural frequency of the system, there are two time scales existing in this system, that is, and . It means that could be regarded as a slow variable, while , , and are fast variables. The phase portraits observed in Figures 2(a) and 2(b) are transformed to --phase space to reveal the modulation effects of the external excitation (shown in Figures 3(a) and 4(a) ). That is, can be treated as a bifurcation parameter of the fast subsystem ( , , ) according to the slow-fast dynamical bifurcation analysis [13] . Thus, the associated bifurcation diagrams of the fast subsystem can be seen in Figures 3(b) and 4(b) respectively. We now display the dynamical behaviors for these two parameter conditions. First, we account for MMO for = 1.0. The S-shaped curve shown in Figure 3(b) is divided into three branches by fold bifurcation points LP1 and LP2, that is, the solid upper branch, the dotted middle branch, and the solid lower branch. The solid branches represent stable focuses while the dotted branch represents unstable focuses.
To reveal the mechanism of the mixed-mode oscillation, the bifurcation diagram shown in Figure 3 is projected onto -phase plane (seen in Figure 3(d) ). The black arrows on the trajectory indicate the direction of the flow. As shown in Figure 3(d) , to the left of point LP1, the lower stable focus point is the only attractor. Thus, when the value of external excitation decreases through the point LP1, the orbit switches to the stable lower branch by the fold bifurcation LP1 (see Figure 3(d) ). After reaching the minimum −1.5, begins to increase. When increases through the value of LP2 ≈ 0.0962, the orbit jumps back to the stable upper branch by means of the fold bifurcation LP2 (see Figure 3(d) ). Like that, due to the modulation of the external excitation, the orbit switches between the two stable focuses of the fast subsystem and thus the MMO shown in Figure 3 is created.
It is noted that the bifurcation that involves generation of limit cycle is not observed in the above analysis, which means that there is no spiking state in this case. With the slow variable decreasing, the upper rest state of the MMO corresponding to the stable focus on the upper branch of the bifurcation curve transits to the lower rest state corresponding to the stable focus on the lower branch via fold bifurcation at LP1. Meanwhile, the lower rest state transits to the upper rest state via fold bifurcation at LP2 with the slow variable increasing. Thus, a point-point hysteresis loop is generated by the transition between these two rest states, that is, stable "up-state" and "down-state, " and the MMO exhibits dynamical behavior of fold/fold point-point hysteresis loop bursting.
As for the case of = 8.0, the transformed phase portrait and the bifurcation diagram of system (3) in the --phase space are shown as Figures 4(a) and 4(b) . Similar to the above, the phase portrait and bifurcation diagram are projected onto a phase plane, namely, -phase plane (seen in Figures  4(c) and 4(d) ) in order to demonstrate the different types of bifurcation clearly. S-shaped curve is divided into three branches by fold bifurcation points LP1 and LP2. On the dotted middle branch, the equilibrium is an unstable focus. On the upper branch, the solid part represents stable focus points while the dotted part represents unstable ones. The stabilities of the focuses change by supercritical Hopf bifurcation and subcritical Hopf bifurcation, which occur at the points H1 and SH1, respectively. Because of the symmetric property of the bifurcation, the case of the lower branch is similar to that of the upper one. The vertical solid lines originated from the points H1 and H2 represent stable limit cycles, while the dashed ones originated from the points SH1 and SH2 represent unstable limit cycles. As the change of the value of , the unstable limit cycle grows and approaches the stable limit cycle. When the value of reaches to LPC1(2) , the two cycles collide and disappear; that is, fold bifurcation of limit cycle occurs, which is shown with LPC1 and LPC2 in Figures 4(b) and 4(d). To reveal the mechanism of the mixed-mode oscillation, the bifurcation diagram projected on -phase plane shown in Figure 4(d) is superposed on the associated phase portrait shown in Figure 4 (c) in one period (see Figure 5 ). The black arrows on the trajectory indicate the direction of the flow.
We will describe one revolution of the oscillation in detail. As shown in Figure 5 , to the left of point LP1, the stable limit cycle on the lower branch is the only attractor of the fast subsystem. Thus, beyond that point, the stationary manifold becomes unstable with the decreases of and the trajectory of the system switches to the stable limit cycle. The repetitive spiking appears by means of fold bifurcation.
With the further decreases of , the trajectory converges to the stable equilibrium by means of fold bifurcation of limit cycle when it passes through LPC2 at LPC2 ≈ −1.414. Noting that is a periodic function in this letter, the value of begins to increase after reaching the minimum −1.5. Thus, the trajectory turns to the right with the increases of till it arrives at SH2. As increases to SH2 ≈ −0.839, subcritical Hopf bifurcation can be found, which leads the equilibrium to lose its stability. And the trajectory begins to oscillate with small amplitude. Till the value of increases to H2 ≈ 0.747, the orbit withdraws from spiking oscillation by means of supercritical Hopf bifurcation at point H2 and stable quiescent state appears. Then, with the further increases of , the stable focus on the lower branch loses its stability at point LP2 by fold bifurcation. Then, the trajectory jumps to the upper branch and oscillates around the corresponding limit cycles again.
Because of the symmetric property of the oscillation (seen in Figure 5 ), the behavior of the orbit at the upper branch is similar to the situation at the lower branch described above. The trajectory passes through the bifurcation points LPC1, SH1, and H1 in turn and then reaches point LP1 to begin another period.
Different from the case of = 1.0, spiking state could be observed under the parameter condition with = 8.0. Based on the analysis above, it could be found that the quiescent state loses its stability by fold bifurcation, while the spiking state terminates by supercritical Hopf bifurcation. Besides these two bifurcations which are responsible for emergence and termination of the spike state, the bifurcations of hysteresis loop are also considered; that is, fold bifurcation of limit cycle and subcritical Hopf bifurcation occur at LPC1 (LPC2) and SH1 (SH2), respectively, with the slowly changing external excitation that periodically passes through bifurcation Figure 4 (b) on the -phase plane. Remarks: solid curve denotes stable equilibrium; dotted curve denotes unstable equilibrium; LP1 and LP2 denote fold bifurcation; H1 and H2 denote supercritical Hopf bifurcation; SH1 and SH2 denote subcritical Hopf bifurcation; LPC1 and LPC2 denote fold bifurcation of limit cycle; the vertical solid lines denote stable limit cycles; the vertical dashed lines denote unstable limit cycles. values. Thus, the MMO exhibits dynamical behavior of symmetric sup-Hopf/fold bursting via sub-Hopf/fold-cycle hysteresis loop.
Conclusion
Mixed-mode oscillations can be observed for the nonautonomous modified Chua's circuit when there exists an order gap between the excitation frequency and the natural frequency of the system. By introducing "transformed phase space, " an analysis of this slow-fast effect induced by external excitation has been described to investigate the associated dynamical mechanisms. Two typical cases according to the existence of the spiking state in the oscillation with the slowly varying external excitation are studied in the paper. The first case is symmetric fold/fold point-point hysteresis loop bursting, which oscillates without the spiking state. The second one is of symmetric sup-Hopf/fold bursting via subHopf/fold-cycle hysteresis loop. This method is suggested to be applicable to the dynamical systems whose MMOs are induced by external excitation.
